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°^CK£o i^^ 
C B S ! P X F I C ? A f B 
this tlie»i«i i(iili»Stt«4 W M>^  • SfoM« maooA KDali4t t& 
tM diigree of iFli«3>« in Statleties* i«i original, Xa sor 
opljQloiit i t i s imirtlssr of centideratlon fecr ^le Ksiard of 
« ftL.I). 4«9?0B« 
Siip«rviee« 
B$ad of tho fiopartmont 
3? R B y » C 1 
ooRsKtertd pertain oi^tlialiatioii proDigms ffr«<|ii^tlr turiBim 
I»ir6bl«tt8 liavt 1»@i«i isliP&n sattkftBatieal. fsmnlatieiift fttiA 
%%9iae mt^lttmh !Si« i^i«iti«ii i^ <M»e4ltir«8 for lli« s> o^bl«M 
& fixed iCKptetea ptnttK A i^liitloik |^ ro6«Anr« ;for » wr* 
l^ iii»*«I lHp»t>l«ii ltii« hmm «lrf»Up«A luaA ttm «&l.iitiim tf m* 
alioirft pr^X§m f»U0ws &» a iwrti^titittr im9«« 
th9t iiiLMtt t f giinm sl««e into th« pifc»«« «f i^«elfl«i Bim^m 
Urn tmm of miesrtala AMwndii in tlM al»oirii iiro1>1eii tm» \)t«ii 
e«ii«iai!r«A In «!M|^ «r Tf^ 9i« •oXntiott pr»oe«ir« x^ qolriMi 
( n } 
lias I»t4»i «i0otti6*6 ia eliRpt«r X« ta^nrioal f0xiMS|»l«« imf 
hmm pe^mnt^ fm tlii mm of fls«d itnuiiAs &» mliX m 
tvx ^ t easo of isiioirltalii ^imiSm^ 
l^\%m f ^ saifliiSB of ^ H r l f t oool«tgr# 3M {irob|.«» iiait liooii 
git9B th@ tmmv[l^%i^n of tgo tta^i s^i^liafitlo ]?rograiasHiag, 
Sto •olutioti li^s Imoii irnkm^ «meii 1 ^ peamnittrs £^volLir»d 
fftlrtf ooni^O^oii^ft iroforonoea of maimn pctbtioatioiis 
^efitrred la t^l« tlstnii lifta laton gt'mn ^ t tlm 0m& of t]il0 
MatMiiestlpli, Slit 9of«r«£yi30» ^ o mfmxm^ alflia^otioeJ^Sjr 
AooorOing to ^ # msHioar^ si napi* 
tmummmmmmmimummmimmm 
fx0mmA§AW» W ^i»«9 99&m at #'atitiiilft and Iiiae1>t«diiis» 
Kli^srli isusllm tmiirtnreitrt lli£p^f ^sr His itareoiont 
(isid alLi^  ft»r loro^Almg oi tilt mtimmirst t^mmdh OaoiUties 
dirlJig ttm GQvs^tm of ttiis liorlt* 
toole ia(l h%%piif\i w^ trm. tiad to tUm ^weim tlw sr«p«ratioii 
of ihim tb«6i0* I «tt Iao3et»0 in ««rd& to pi^ ft l^tfitlitig 
lioinit* to w paifonto for tiioir oonote^t oi»o«r»£e»ttfl oad 
0ood lifboo, X OS otio ttunaefkO. to HQT wlfo for he» pationso ona 
lioUlp dnriAg W9 ongogoaoiit la thio worle* 
fimtlSt ttmxikw ore alio duo to ll?« Isfo^o i^n^ttst 
liligM3rh«(XxulttA) 
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0 0 5 ! S I H f 4 } 
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CH*?«IE» • I f J jpROBMi Of ctJTfiat 5TO mtu mm 
#•1 BieanBulatloA 
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BiSFiERSHDBI 
• * * iuwm 
memmmmmmimmmt 
fii0mi0im>mm>iimiii''mm0*-
ia mr i^ireii @&t of elreaniitaii0«8* In £oemi^e«i C a^oiirft* 
osal^wt i s £f#QiL>mtt|r fae«A witti i^@ proMi»R <»f optlninlag 
eos^lt^ dpejrati&ns anil pf^eac^s^ Sl»flt »f tho probleaft In t%i« 
^a;^ IKI £«iit0«d to «a f|£>t|nlmtl<»E £(r0t>l«ii« 
j^oovir in ifhi(^ KMIMi tiiui to ^tes^iift tlite laxfgost or i»Bollost 
i^QO of a ftmotloii of stiHSiral, narlot^loo lo^joct poootl^ lT to 
OHO «|^  a»ro oeuvtroiitto.. Hio ooootx^iix^o aajT ^ i» tiio foam 
of o<|iiftUtiOi or lao^iiftlitioo iM>o% »itOt l»o ootiofiod l»j tho 
iPttrlAtitoo of Hio |^ ot»X«i« Wax^ otbifT typoo of eonotroittlo oro 
oloo poooiHOf o«g*t • oiXtitioii im latopro mr ^ vo^^od« 
910 aotliomtloia Mthodo for aoXvlng tbo o^timiiMittoii prol^ tomi 
03P0 osuoXIr oaUoA optittiaotioii tt^bol^aoo or oXflftriHuui^  
2 
Mtieli tli&t f ^> tiae ft iiS,iitel.« Htftt i&« <»ftIaQS mtm^ tt out 
^ W0ti& 0f tlie funotloiis ai^wirtiig In llitli»Batioftt "Pr^&fmmgng 
m» mn tintax* la s« «» oi^l i t ft no^tiiitar fr^iTft^t ix^  
09iitrAitt t« ft tiii««y parvgrftttf ita^'e itlt ^mm fitnttioAt »iuit 
lift l.i»#tr* 
i tin^or pro0raMii»t pr«bl«i «ft& Ut mtWBO. DJ MftBt of 
tlift Bimfitmi ftttlioi,* Utift sinplcie nttboAt i^oh ms Aftfi««A 1^ 
0« B, Sftnltig In 1.947f ift ft» ftl«ivitliii fter t l i i tetutieii ftf ft 
gOSiaroSL litttoaf pt^gtemUxm pt»h%m^ tt tftlcte stiritraS. tmm^ 
fta/l thft hagt fti&i»t}iit of tit«rftt«r« «3dUit» #» thio toplOf 
laeUaHig S* X« Own* Ct9$e)> a« Baaie (1962) and Q,t«iftl«h(lL97l) 
3 
ti tig} $» % qiQ&ar«tie funetloii of t N Sj« ivMl« fdl 
the %^) ^ * Urnar with z^ m9 tmm qm&tmtij& progranniag 
Seireii nf ttim Imire 1i««ii ^0oii86«A ^ Wami 9M £r«ll* lusd 
Ovttii (1L966)« In aMtion ti> tlire« fearsiong of 'lli« api^ieatioii 
fbe eaylf «N»rfi; in ttL« lSh9&ey of fentaro^ n&ti»lliita3r pir^ gra-^  
nosing wm Ai3tm^& teaards {Sxaraotejcletng Its aoltition : tlia 
dariimiien «>f n^esasrir aai (D«ifC|iii«is^  eoiiAitliiiis tw & solationi 
itna t i^ etmi^mtien at ^iestljr ralated 9!ri>14«iMi ** ^mX ^ to 
8 0*9%n ^ot>lfm* lAt«}j» 1 ^ praotloil i^q^ or&aaett of ioso of 
%)Bm non^linoar irogramins ptei^Xmm t^e inaplrea %\m ]!%pid 
A«v»|09«tix6 of aonr oli^i'llisiii fir ooiTlng thm^ of tliooo istm 
gradiont pro|oetion soUioi ^ Sooen Cl960)t tHi onttiag plant 
notliod by EolXfisr (t960)t ^ # nothoft of foaoiHo dix^otiono 
lif ZonionAi|1c (l96o)» ponollr fnnotion noiaioA tf tmm^XX CX96t)i 
sotlioA of centroo t»j Btsairft C19S7) anft iwqiitntlal oneonotrainia 
«ittlaifl»tion toolmiQnoo tgr fioooo anft io <^niele (1968) 9xm 
m&£%% notfeionins* An astonoivt oindf roffairdinis tho eonvtrftneo 
of %\m proetdnroo tiao boon nado t0 itsmm^X <19€9)« 
4 
«b|«otiim fim>%lm i« %»t»f ttittl«|gid im&tr «!»§ mmtttAMtm 
Of e^olat Internet «cr# liie prol^iiii« «!% liniflae* iscmarferAliits 
«8 lia^ AiVbUoi^ a prt^ «fli£re fm» @oa» e<iti9tts ir&i^ AaMi witli 
tliMpif c^ os^ traimt^ s In i^ il«$i ttm i&m of Betia a&et %neit &• 
?ia»i0 fcr ^ns^iitlio pm^mB^^ tmn h^&ik $gme»&tim(Si^ Slit 
be 
ir^Oftinrt la tttoini to etimmmt^ ^ BisciG^i^ommmt fimetioiui. 
fhet vmul^& &t ^ i s wse'k Imwe "tmtn ftit»liilied tor ^^iliaa «a»a 
WsmXiH Ct^fl) * ^i^ |yr|i3ttlgl# #f Iffi'sne^  ana Irmad li»« ^tm 
9r&iiel^I« liae ^tmn mpptiM^ for «»|irlitg it narlttf of lupottsiil 
ImiiilA p)riiiolpl« for sotHHif Intoger progrfunalng irot>U«B to 
tlmt of lottA and Doig (19^)* Mtw Dbkia (196!^ ) proi>oeoa • 
oi^plty f% Intoreotifig farlaiiioii of Lam oM l3oi« «!l«irlt!ia. 
Boat and andlt <1965) s^tlotided ttio I3iilctii fflotltoa to luelodo 
tlbi llttoor pirespnatting post optlalnatlon pro<^d«ros» liiktor 
van f|r«t ili«ii W iSmtim and ^jr (I9M)» 4 mmre^ itiserl^ttom 
itmy 0t mnm cuw* 
SD(Sip»m tliat 1 ^ #l»j«oiiiP9 fiontliiii t« to 1»« »ltila^«ftft« 
iiiiiitat ttmt an i«^ «er Itoteit on Htm «f tliatti «aS.ii» <»f ih* Dhimtlim 
«li|«6tlf» fiiiii>%i0» fmr %• 1>««t f««g|l»lii «)I»tio& ia^ntlfittft 
tliii9 l^>) St)i« t i r t t «ttp ia to p»rtitiofi i^ mii of *Xl 
fim9XhX% ffattttioiisliito 9ot«rat m^aiettt ( ea i td d»!Ms!liii« 
iiod08)f aii&f fur mt% m$» a Hoimr Ixmnd i s ot>taiiki4 for fliw 
'vaauo of tbm <i%$%tHr9 f&i]0tlon of ilim mltktit>m vithla tliat 
6 
iiit)tet« fh906 m%m%» ii0»m Imat ^ISMB m^mH t ^ ourrtni 
nppm ^mm& m %• o1>jedtiim im^titm earn tb»m «x<iltiA«a f n » 
furtliir eoii»M«Ep«k'lit»&, Out of tl»» wmsOJdm exi^mtmt m^^ 
%h§ mi$ with tkm mmXUiv^ tmmr tKitsnd ie ^tmn partitiontA 
IB ttint ftaflt tmUL &B %»^m to ax^ltiae ntim of ISme* auboettf 
(ttM^ &m0.%ng m^n)§ mmttmr em in ii»i«etQ4 tm fwtttmt 
pm%t%i»tdm$^t ^t»m SHis prooiiKe is vtspmt»it aa^in mxA ft^&ln 
until, a f^si1>le imlntlda i f fotmA tmh tli&% 1^ 0 ^oj^ eepi^ iadljig 
fiktue ef %« <i%|««ttirt fnoa&tieii i» m ^m^isst than tsit t«i?«3r 
pep%lm i» m lal«gir liatttr popofipiaKalfis i;(tol)l«i wltH oiOy 
•tattd iMi fol l iwt ; 
a 
7 
fl^ first lL«tti<»»^ is^ Me fiolntloii i» 
4 • IjtiMwitiiiifiriliiiiM II III iii>l«ini»ii>n» t I, *• l.f»##f'I 
• « »\*#5«2) 
«li»]f« [lel deiio%«» tli« tn t t f t r |i«rt cif it« 
m t i« | tlieji seeerdiDg t(^  ^e eeettM ooi!i^ oi»»atiif eM m »iit 
4 aiaiS)«r of fttsilOL* a&tJBtlons eate ellaiimted fireii iSit «i»i«> 
U» tb. k* t*.^U -lutton «»-rate4 to t.» ,r«».»r. 
8 
tliat y|«i 
?!*«» I f ^ J ^•J « 1 ^ * » 1*^ i» l5 l^«i» to %t ^ i t aisrl wet^r 
5*^^ i» ti3ii£«a!i t6 ^ tilt mm% l^xieo^^li*© v«oter. 
9 
it 
M S S t e * i a IS*aaf Js^t*® ^ |ir#%U» a,5»t) will !>• 
n 
M%$mt t o £ ftj«j • 1? • |>» . • • (1 .4*2) 
10 
t««lkii0Xt»iar leatria; o^ tim tammtmsxt ttnts, Varioct* aMatbers 
Bftf» tri«A to «xt«iid Uaftsr pn^^pexmim Mmea* to d«sl vitu 
tht vrobiMi 9f tpttKlsiikg in 9om mmm mn olijoetiir* iNinetloii* 
«ti^|«et to oomtraiiits n^ose ooziKitaiitff asro 0til)|«ot to s^ amAos 
mKrlAtioii* Wm mtliemtieal. proi^aoadiig firi>t>1,o»i in wbloh 
noai «» i41 ot ttm ymmm^mm ar« inuoOoK imnLftbloo «r« o»ll«d 
«toasA«tl& iroSi^esaiiig 9r#l»tMW« 
m« «taji&ar4 ^ooefttra wMofa in f^%%mm^ $M to ^tisdso 
tli« eii^ i^ ootod f!iil«i« of tuo ob|«otiim fisaotioi^ iDitmlljr tlio 
o'bleetiw ftioetion wUl 1»o vitliiaf a profit &v a eo8t« tSio 
leotlfioation tm aaxluittug ttio oaepootoA profit or v^oialsiiis 
tUt ixptotodl dost U«» i e tlio aooiu^tioA tHat Hi* doeioloa 
Aftldflr liao apieoiorlato otrt of utilitsr fiatotion, ISiat i t tmn 
bo v«|r«»tiitta for mw out ooao with KtffieiOfit aooovaor 
by oitHor tho ^laroyrlato profit or tho no^tl^iv of tlit ooot 
f«r ^uit »itt ooii6« mro wo olmU •••taw tbat wboft •oao yarasotor* 
appaeying in a jprtgraaiizig jrobioii ar^ raaAo« iiariablLoo oat 
11 
i^a« irol^ittlar ^ tmmmuit^ MM f» !«#«# I^os tli* m% »f 
Xf «§ eXm t«^m ttw ffiiii«0t«ft YsSit* tut %\m wm^mi imrlal»1iit 
€»t«3»liiiiifi<» pr«|}l^t ^s^^ <^  ttfiltttiai iritlL lit eaUtd aa 
«jE;pt9ttift mine soi^tion m^^m^ {1$^}* Sli« oi^nv apird&elii* 
fikr« mi* t«» Atag* prt^iwalsg atltiod a&d otmnfit Goiwtr«i»«a 
iiiiii»i»iiii ^*2t itti>^ to% %t '^ * ^.f i 2 fit wbKp* f Mia E 
jlsmiit aov that A«jb wM g «r« vajsd i^i witli tinit* MMHUI. In 
12 
0f tbi iit«ot«a ft at a |^«mttr «©»% J»X ^«'^ « i Z B* ®^ * 
ailiiliilglng £% to wAn$im.i^$ g*§ plus tli« m^m%$& mmtf&% 
pitmXty o&8t« 
4 iiiiiral fe»niata^im «f tli» abofHk flituati^n, $xm iaa^ i^ *!!* 
Aentlir t0 Bult Cif^ S) aM to Sonliig (t9$$) ift as folldirat 
«i lia^ fv as«A tlil« foamnlatieii l» b^tt^ jj^ ttr If f«r wlYiiif 
tit* pro^lm *t eittting t ^ ifti«tts optlafttir wh«A iLmmaA tmm 
« 4lt«rat« prolMiMUtr 4l«trilmtloiitt 
13 
in tiift prot>leB lieoomr ka«sv7% mtO. wtitu ttiiQr iMocsn* Icnoimp 
n^ti't I , J , J^ B fittd A dre a l l imoofi* i f vrt fienott tli* 
«iiii»»» t^ Q(Xi%} tlt«a tli9 pTigim^ tiMN»stag» |^#H«» oaa 
tlian 1»« iiritt»a as Vim a^mXanl ^at;ei»ii9iistie laragraai : 
31i« fmnAitions f«r iKi^tlitg a aiiaiWBW t« ma abo^ va |S9P09ra« 
imAar imriotts aititaticna liaa bsea «l»iafti«A "b^ Ctornta* KlIvlQr 
ana Salka (1967). 3!l» iHMsaooiirjr asft mtrifiiaiil ecaiaitioxMi 
far ttia wlntuwi pt tita aboiw srogran are alsa sivsa In 
iHilleap ana f«ta a967«t9?&}. 
u 
«.ppri»ft«li 0.lwitamm& in tbt prtirloiii Motion, i t wmf mt !»• 
r«tni3P*A ^sat tlx» oowtr&iiitt tftiottU «1IN^9 }M»ta« 1»nt w% i^lt 
li* •tttigfi^d i f thBf Imt^ in A glvtn ^oportion of eaie»» 
i««» W S^ ^^ all4«id* ISEiis tqr9« #f npproft<iii «li«r« ft&sSliX* 
•oltiticais ore «XX0iv«d t& liaw a aoaH frol>ft1>iU^ of iriolj^ting 
•aeh eoniitraiiit i s ts&tX^ olmnoo eonstraiaft^ p^ograaeiing intiat«d 
we ean define t}m ohswie eom^aimid p»igr^QBil»g a« 
follows t 
St%«o% oeirtain d^eision imrla1>le@ in mah a mMmt i» 
to «MEIS1S« a f onotion of vandom varia%l«a witH known distari-
Imtiooi oatijoot to th« oonotrainte on t\mm iin&rlalileo irftilsli 
•iivl ^0 aalataSmd at froaoribod level #f ps^olmliili^, Xt 
•Imild W aotod tl»t th» oonotrainto to t>o naintainod at 
tilt «paeifiod ioTti of prolMiUlitr witL \m givon in ttm t&m 
• f inoQiiAUtioo, 
A gttttral approaoli to Mlvinf tlit alxivt ts^o of paro1>l«Mi 
to rodooo tlMHi to ordinary Umtir prosraming ixrobioao %9r 

mmmmmm 
to l)« ftllottd aiaoag a noiflMr df ptisslftil* lnftiifei»ti*«« fir 
•aol^  iixvABtiHmt tltir* is & tnown «iE|»«ot«d p i ^ l t ptr fmit 
it* being msf to t^Miifft &t1.«agt seste 0mm. movoD^ of ^Mi 
si»H« o%ir H u s ^ eottitrttttils m«ii IMI IAMB lljstitisttl^iie 133^ 11 tli« 
a^railftHlllr 'sf tt2« toti4 twik m t)ie llffiltation* u^n t)ui 
a»ii»ls aXl#t«d to o«grtala Ifiton^ieiilii. 
HatlwBatioai f«rimtatioii of %%% ijirobtwR ia 00 foUoiro % 
I<ot lUt I « t«»*«ta %• tlw aMOQiil Cto %$ d^tisntUiiA) atlottA 
to tlio t^ &ixv»ot»»iil« snqppoio tfc»t «o Im^ OOIMI loooi^ oAfo 
ipogftrding thi oomtrian&oo 
17 
^m^ f|^  » B f^ i» th» «ei^ eot«d profit pm mkt fern tht 
INI |«1 *^ * * 
| i 1^ *l i ^* ...<2a.2) 
e«rtii|&l^f x*atlter «» wi l l INI mtit^ifd i f thtgr IMII4 vitli 
giir««L pV9t)al»£Li%it«« ft# #ifivtiliilAtlo •tttliraaotit for »mh 
ptoWHlitiif^mmillfff^nt@ wm ^ detgrsiiiioa t>jr implying ^ « 
in . diiptfor l« ^Jieo s^o n ^ t m l i ^ oottftsralats ero aloo 
llnttof «« aar «rito tlMip olvngMritli (a#l«a) itt tho fors, 
a 
In tl i i aatrlae notation^ ttm pt^WLm isoy tni «ri%tt» • • Iblloiro S 
18 
Ma Q(«) »I* ^ I 
1 a « 
i|iir# f » (^^.) is » X o a»a 4 • (ii|^|> is n K a* JW* 
MM i& cf»iiv@x ^m^atio i^ mi^ aarciiig ptohlmHf since f ^ l»«lag 
t M miifljyayse eofstrlMtde eta t r i v i a peeitiw ««iii delliiit»« 
Osovratlir^ tlui nwifbir « of 1$M oons^&liitii la ausli 
9r«%|,^3ie ant tmm* ^'^ ^iwl«p la Hie f«ll#wl8s a lapftn«h 
cudS l^ iaiA p^m&&m^ lf«ar @ea@^ al «K»a9^ ia*&|p*@a0 wttii tiatar 
ii#atiti%i»t;@ i « l i ^ iior]E# liotl «li»a tlie In?Ineae* «»f tiift mmttminttt 
om th« «xtr^ns ^f tm ^%$m%l'm tm^iom ie mmUt^ 
fim proo«aor9 iiUl» la |ia3^lei}|Ar« 1m valid f<sr l$ie wmm 
m eentidar ttui|r9%)Xoa ; 
19 
t(» 1»l Itioliiata In (2«2«2>« l i ttSSKMi tltat i^ «r8fc<« (2.2*2) 
3leO0t0 Am 
la t|i« iiit«rldr of tt» l;9a&|1»l» iMiiiiit i t ia giirea l»jr t ^ 
Xa oasa tha oolstioa ta thawi a^ttaiiona IfB antsida tlst 
faaallut* ragloa* «• lenav 19iat 31 viXl 1»a l^&a eatatiaa ta aa« 
af Hia m^^hlmm : 
20 
•*(2^2.5) 
littt ®^ dttBot# tut 6<>tttti«ii tse Hit pro%l«ii (2•&«?), 
««SklLtiated aml^ii^lljri ««g« set S£i«ilL «jft(l Tan 4te faime |^96l)i 
«beii gC|> l@ fi»&drittld and KiolEikii £iiia Slaaa ^1967| iihta gCx) 
n 
lias ^ift fc r^ii £ (^ ^a/* ) * ^«r t^ i^ a3.aQ d«ceri^«a aiffer«Bl 
liaoar eonatv&iots* "Ocm Um. of irraneli atxl S^ tmd uttlioa Ms 
«t«» been «3 t^9ii^ «i for i t» re^ jLd <ioi2lier|SeiiO0« 
^•5» ai>l<i. .fttyryMi 1 Dtnot« Igr ^ tb» «tt of thetm 
inftloti « h i ^ ««>« ii0« pptiWAt Iji s« A solatiQii |e^ of tli* 
proUXcM lA (2«2«5) w^ vljolat* «o&t of Ibo ^onstraliite i a 
<a«2«2>« ZiOt us deuott tlio «ot t f infilooo ^ofiweponliiig to 
tli« 0eii9trfti»tii s»t oatitflad lisr Idie point |^ ^ l>2P l^i^)* 
21 
Hit fptUiwi»$ tlx<^mtm will \m imtpt^ In %1m mmah of 1^ <i 
fur mtyioli § «> x^» l«ti m mmmm» that fear « l l tlit mltitts $ 
Tisr alt i^ sroper 0itl»set» S <=: S p |E^ v i l l irl^lAtt atliftgl om 
lliat IB tlui f3?0$«e» of fcfmatiott ^ 3 t v*' Aosili «dft to i 
0J3l^  fdtiooo oonsta^ainttt «lti#k itf e la t^ iRtisfioS hy ^^* 
ypo f^> Comi^ wr tiss l&ir^n^l^ j^asetloa 
^Cxtr) • «(£) ^ ^1^ yi< §4 1 - \ > 
f t io Icaoffiti ISroQ Sulili^ tx l^i^ r ttascrf Hiat ttio ttoXittioft 
x^ of tb« problott til (2«a«9> |L9 olasraetoriseA l)y t!s« 
arolfttsono. 
VgCx®) • - i; y? e^ •••(8.3.2) 
22 
i>f g i r t^ V0i|^ ««»t to tti« mm0^mn%B ^f |^ « flm nviwis t^ioti 
a«te«iilii.a ana y | , f o foraXl i t S. te, i f |§ - o 
w^er* li ^ s Hits (t#f •£) ootild !>• «rilt«ai m 
Vg<i®*) • - J y** t«i r f * ^ « «ir • t S» 
•aft 
23 
(a.S.l) y®* I* ft for a i $ « S% Sli» tfe*«iria wi l l U 
mtaM,ii0m^^ i f wt p«»iy9« nm.t (a«9«2)t C^.}*^)* C)?f5*4) «&4 
s H > W|i *«*(2»9*€) 
fer atlAnet^  i»iii» is t (S «» s)# 
« s Cy * i f t i l <i®*-* i V s y®V(i®%®). 
But fTM {a*9«$) «tiA C2*9#9) «• Itaim 
.e(sL8)«i<5'*-s'>-.e(W*«"*i* '^'"-
f>m« (3«3«7> ir^Aud** t» 
24 
nm» 8 i s «trlfitly eofW«i; atsft ^^ |l x^ *,flre halt 
^ae* y^  > 0 • i t foilovs that t>^  < i j x^ ,^  fer 
«tl«a«t on* • e S* • s» 
flMi folloniiis tSiMTiB pTttVldf0 Aa optimUtT firittrioa 
for f®« 
SS|g£jai 2, » »C5^ 1» a anil »ft th«B i® • 5* 
U aaft mtf It x f^tolattfa tiie t ^ wKlttw& eoattraiat 
f«7 M ^ t e s# 
25 
^ r ^ . Iht imljr ^ pttrt f^tt#vfi iro» ^toaraii t villi 
IT (f®) • ^ »iii * e HC « ^ ) f t r a l l t f 3. 
C2,3*2) ant <23.S) «im yf # # f iiWat f®**^ )^ fi«r a l l 
and 
1^ g ^ W ^ i ^ f0^ a s s ^ f t j ,,,<23aa) 
1$ e3*« gUran t l»t 
i i ^ ^^ to ti» ISi« oftlaa:! aeXiAtloii x* «• intst ii»Mi that 
(a*3«2), C23.5)» (2.5.tl>t (2.5.12) mA (2.5.15) li|>l4r 
y | > • tm &n t e s ••.(2.5A4) 
SttHtilraetliMr (2«5»2> fren (2«5«U) 1 ^ ftXQr t and lihiii 
2G 
0r £»r a l l is e $ 
i s less tibfta 
2tm» 
s vMclt £roft (2«13t5) imUum HtmM 7 | >« ffV all t e S 
RjMj^ jc^  flKi a«ii»ii^ tiii& of tilt laek of aoeiiwrotloft 1« 
. 27 
St^ oyea :^ » Stop a givm ®9t S , g% )^ < ^^W > 
BNiiit. %ia follows itote tli0 tmBl^%% region fm 
@stm «iiiliBi»liig %%t ^%im^km fme^ianm 
g l^ o : 1% itart wiHi l£i# v^o)R»ls^ aima mliitetti x^ 
ftt g(:ft)« Cfia« ailiitioft m^ «:ieo be tt^botuafttA* If «l.l Hit 
<»oii0tralttl» In (2*2*2) iTtt %Xm «ti if l«d %f s*« %•& it 
im otyrloagljr tls« stqotrta «ol«ttioii» ottwsrvist «• iit««rmiii» 
HMO mt «f iaaieci nCif*)* 
ft wilt «%U «i point X® as tog^iy^ if aariag tht 
ysm^mum of fiaftiag x* no point «^* » t € 'I i t ytt 
28 
g j ^ t S S9* ## tilt vmtfi^  of ttft 0%s«etiv)t fonotidii 
there are t 
indices in S. 
f«» all 1? e HC « ^ >• nut* wlil uiw tl» i^inte § ' t 
y e S( f ^ )» 3heor«s X pro^iM us Vm iwe^iXixm^tUn for 
IrramltiiMS fir«s %bt point $ ^ &t Xmm, % to o&lr tUo 
i^ i»l»t« x ^ t » « H ( 5^) una a»t tt lai ti» i^lnto 
l<it}Ol dtuM i^tii; tbooo eroatoa ^tnto (aodoo) »t ^itltik 
ttto i^liio of tlio objootifw fmietlott io loos tl»ii 2p« ObBek 
29 
ti warn is eom&f i t is ^^s^^% ^ M ^ i iSis iiSAigliiig tisiis 
with ft m&ijsete%tm m%uU»n m$wA$m i t ert miipp»& ttm 
Hui list« A i»0ittl « ^ is ir«Bii9fVtt l^ ««i ^m U s I of Iftijgiiiig 
poinls i f 12M» joints | ^ t r e i C § ^ ) @ a r « ineli^si la it» 
f ^ fluft oarseat Ibe&t oftHottioii i M d i »atisfits t!is 
mn&i%it>n» nf Hiidreta i is ^ s 3r#i|iiliNii uptlisit flstntloii to 
tho givttit ]^ c^ 1itei&« M tli i <»f tiipdl peint sXl ttie 4mi$l^ «0^ss 
sit^ 4 $ iWmoMm) t Jmtmmism ^M ^Sin^img »»ds at ^ 
wlilolk liae tlis wtailsst i^tiMl. ssintisit* His tiss mit trsletii 
arbitrariljr. gCx ^) is n l in i^ liotui^  1 ^ mx^ sotntion to %• 
giTsa sroblsK* Qiis f«aii««s firsai Hisfitrsa 5« {tfnsirs f ^ frsn 
tiis l i s t sf 4a]ig!li»i nsdss SUA ^ te stsp :g» 
2*5. miii«PiiP^|..ate^|t : Iti t l» timn©l«r«s irsmiA 
esBSlisrsd la <fj-t^ ts% tiMi ssvsriaiies aslrix for tlis profits 
ia tirss iovsstnssts l»s giivsa ligr 
i 0 0 
0 0 2 I 
•#»%2»5»X| 
30 
ani ^m mpmitm pofofit Iter unit Uroai Hit ilbmm iurttftatiit* 
fttt%|«e% to I9i@ gitlaate^t of %tm mSMmm «%«o%#d profit 
Si^ pono that tiMi furtlsar ooaiitraists 8|»oii t&o |prol>l0!B aro 
'Stm psmiblm in ttm fas» (t^Ani) lan^ r ^ »^to<i «• 
followo t 
31 
i ** ( Of 4^9 0 ) • ^ * Odsi^etatioii air0 dom in vttsMoti^  
:i^^«»s. In tHe X <»> I0 I ^m «• exaisttrats the points 
§ * f«i» a i l V e S{ 1^  *^ ) ««i«re tbt «iiffS3i K i-n 
limotte tliat %ere are K aotiim oomst^intd itt $,% 
32 
% 
e«iii«l&i^ » itjoft I 1» « » e<afs#i^Baiiig right Mwfi. elAn. 
4s»it»tratii«» Ci) and CiU)« 
(l> % mm Wim» 9t i^*^ and x^ ^ *^^  coai^ tttea 
24' 
furtliflr 
am 
I 
MS 
|tn^«t (a) t 
(itiU) 2 I itiiti) 
229 
i • 
1 
t\ 
33 
mm 
Ci»ti) 
Fi»t!i«f 
anl 
^ § ) » (ii) 
s( 5 ) «• (1) 
\i 
Q ( X° ) = O 
Q ( x ' " ) = 0 . 8 I 8 
Q ( x ' " ' ^ ) = : 3 . 0 0 
2.9661 
T R E E SHOWING THE V A R I O U S P O I N T S 
E N U M E R A T E D D U R I N G T H E S O L U T I O N 
OF P R O B L E M 
&Q9ftM W& tUMM 0f f^LtWk Bl'SM ABB tSUM^^B 
Wiiigii>ii»«»i<wiiiiiiiimiiiii»ii>ii»iwiiiiiii,««i«iiNi'iijiii<ii >iijiiiinii>iii[ii»ii»iiiii 
in tliip producttien &miim ii^ »^ <»lti i»«^%^  «^ 8 ib»«l fiielMit«f 
ttXtUee aM p ^ ^ aisd tb» antMsrlaXa |>l3c» ttBtai p%«« glass 
ana otiiir ln^lag^ mm ^kmmoAa mM^ ^tiHr tm nmm «tai»Sard 
t!lUii« M isMoli %%% 0mm r«U@ IT )^«ft« ar# to !)• liliiytll, 
A ti^m of » slftiid^A laag^ ttmk a x^ll lia^ 4 ^mmm |iri<i# 
In tli» fsaarliift, mxe%%mmatm$ M^Kre loo^  D* sons fflltilgaw y«^ tiijr«*> 
atiilNl fipoit tSi$ pUmB »f rei»$^nfi utaniosra l«ngrt^ h»« 
«iie« lA^ wMM tht r«U« i^« ttt !»• out 19 «r» "i^ t^ v f^^ * 
fh* ttiaiwtni rnqnUtm^mt fm ttm pitett df 8l.se Sj i s 4|» 
I ** ly«««fii« Xtst tilt mlas ef a pises of siss Sj f ^ s itii 
of tlis rsils, is ssrass Hist %s 4e»s«A for tlis i^ isess of 
35 
ft Alai^ iaafd i i s * dota not «#p«ii& ti^on tbet ^iaftiK«iti»s of ^i« 
m i l t l^«» «lile!i ttm ifsriout s»i«cr0& aa?« »l,l.otd« B M im»t>l«« 
• n 
II 
m 
sua X | | i^mie^itiir* |jQi%«|^ e «»«0»1l«4) 
f«lt««liti t a l l e r foanti t 
>»»*•«#«« #11 Holt loiiillui 
»^—>nwiWniii wnixiiiiiiiiiif iiiHiKIII illummmmmmi nn '• i" m um 
• l 8^ « # » • # • • . « • « ( • » » IL | 
||ltftlWlill|llillll»|MWl«MI»<W>«>»l|i|llli»illlM<IWfc^«<»<>>1l«llllft 
«#•••(values) • i *^ 2 ##»#•• 
• t 
» • 
s : 
MiiXlMWi Hoqttlf•» d | ^2 • • • • • • • • • » • • • ^ 
fig^X * flio paaratattcro of tlio protiXttt (5«Xt^) to (3.X,4) 
i n tabnXfttor fera 
3G 
fiiett tut itmiKn^B »oUfi are #t ^<$ fiai&« ^ aailty^ i,«« 
«kj * ©g * ••• »• %t tts» eAto-m p?#l5il«B isey I * » l f«€ tot th$ 
mm&^ tm t )^ exulting 9t^0k ^im& ^ OilaKret t« azta 
affair vm ^mf&tisip a psroeeaoere f ^ n^tfMns the fr^^ltn defin^A 
ia C^.t.l> «feroii«h C5«M), 
tliirtfS(i3p«t tilt mXm pms tmlt »f Uatm »imA fluett ati«t 
iMi gtwxtmr thBA tSiat of th* flBeiU«r «»ifl» $bus w« aiiar 
37 
^fm pm^tm imr mw l>« stat&ft a» ti^tiJomtt t 
WlCIS$Xm0lt 
m 
Sel»|eQt to 
£ (lifa 8 A ) X « 4 
*l *^^ ^ ^ i * l^^t**«»* 
•«*l**s«l>} 
S4» p ^ 9 M ^ in (3«£«l) tfer«ii#k C9»a«4> iU 1|a1,a«e«d» I t 
n A 
38 
Set vm WBipm^ t^i&t « f «e«ll»l» ieitttion «aU8ttt to 
Cl*S«4)i C%t,f> sM Cf»2»iK A |»«rt>#dBr« r«et tUMm • 
i» C3»S«§) W turn f ^ 1 * itSSf**#f« is«*fc tfcat for i « k# 
It 
ajiA Xu V3r# wn nigjettiirft Jli^ #|Sirv #».*(5*2*@) 
mJX« sro6e«fti»g i» tills ««^ eupposft tliat m i^lotlim 
estotc t« (9»2«9) f«7 1 * le'iMe!i 8»tiifl^ (5*2*?) and (3.2*8>« 
9a«« ripI«o« tii» MliitSoti «f Cii!»l>tli t^natioii lur i t « •ieond 
l«xle«gr*9M« «»1ltitle& ftsi let^ f«ir « iHiliitiiii teat lefth 
•qixatldii* tM oosllmui in %i» wRy isf oo2uild«riiig tit* otli«r 
f i imUf ft feftaittU oolatioii la obtftliuia for aU thft « •gvntl^nt 
39 
m <?.2.5) mUmim (5t2»t) ana (3a*B}» mip^^m tftat w« 
, New * ° 
mmm»$ ^m mmA mt 0vkim^ mnMMm finest pm!mti»%iom 
t f t%s$ mMti^m ^ t}»» ft^jst text ^tts^tieufi tstiiob ««r« ftlTvadgr 
t««it3i ulilitd ^ilirlug i&r i « l£« Sifi@^ 1% t&t telamvi mm^ n 
««Qiilr«Mmlft in&li ttiat a wtm^mm vt^grn i s 9litalii«i* ibis am^ 
flM Hon ii»«fttit« ia««9Kr* 3r| idil^ U 
40 
wm$miwik 
s «|«|r| 
i *! ^^ ^ "'^  
tilt i^Qi^eisiftiiti ^ $Ml^ mi^mH i«obit» tir ^4'^*4f4P 
lk% <»«• #i i« ttiefrt i» m tm»tyi^ mlnUGm t^ ^4i 
Imt tbt para«Mitir» s^t i • li«««ii:k anft m^§i m i t , * , , « 
ftjsa tmw in (3*l«t) aar* Mtisfiftd* m»>mmm that tlui problcii 
!.« bfttftiieod« An im'biilAiMitA sroMwn lassr lie mmmt^A iiit« « 
41 
l»et«ilffi«A oat W ^ « pr^oeAvBtB d^sorl^d In t!i» previous 
a 
ft 
QotmiMi&t mtw$m tilt ss^ «l»l«ai C3*l«l) to 0«X*4) lor soXviiig 
42 
Kiis^m^ l^eMeSi C5«5*1l) e^ s a s^luticiii S|g«^  | • lf*»«ttt 
»oE iwgativt integers aiiA z (i| &j i ^ ie msximm^ 
(acj^) ol»tai»6t 1^ reiving tl^ ^cri^iie Em^saok irebl^e in 
0 3 A ) aftd (S,?^a) wjitai,ia^afey„„#$o3ff{i will IMI t>ttl«r thun 
g^|« ^ Wm proooanrts tor @elin«;g s:»a^ eaisk p^bleam 
witfe tipper booMs, yl^,^&l^aiif,ia^1^ aii4 «i%t without ire|^4 
t# tilt i^a^ aa?@ «««ffirit>«a in Oha^ t^ r t« 
]^oot; 2«t 
nnA 
fimmiL 
i«^ 5"<t * ^ ' *' 
S* « S £ a^ c^ e^  x][j . 
W |«»1 
43 
s''^'^0i'i^^(*ti'4$y 
I f w* perl A « S ^t %M/ t %it iSbmk for mmU. mriMti^m 
Zt f#ll«v0 f^ ern ^ « i^bfl^ Amljrslii iitmM for solYlag li i i 
proM^M C^fl.l) tlxToiii^ ( 9 4 » i ) on* amit mVn tfai* imiipgAolc 
•tt«<»«e«if»l^ «h« XORi^ iftQlc |8nil9i|«ttiif l a (?«9*1) anft (5*5«2) 
44 
finding ttw fIs^el %m:im&tB^%i0 mtn^S^im wWx «ii.filtitaB, gjlfteln 
« 
|»f ISlit ol)J«Otl^ flllW»tiO»0=then obviously 
s^*»s^ W A S e | » | i t MgM^ 11^5 > « 
v» nay eesfis» i»ir««1.«»B tn fiii&lM %» fl^st l.iaeiD0^aptilo 
lb* ot3i«r taetoTB «hi«li #f£«et tbM Dolatioiui «r« t^« 
mtntiMtrm of tli» mirien* II»P«MS1E ptvibTtmrn wilt 4<»peiiA wpoa 
13^  wM^ mam fisaii baSif • f l$i» »/ e(ra«riiig of 1^*8 WBST ^ 
•tlHittttd frott tut 9wmmmtijon itroufdiro* 
45 
Ii«t '^ @ tiM» 00li%ioii8 mMi&if 
> 1 . 
l^k•2 |»1 
ant 
1<» £ £ a, A A ** ^ *^  *^3 V|4^^ ^ ^^  *^ *^ * I '^ '^^  *^ *^  
*^  S £ Ac 3C44 |l^4#4« 
46 
at tli&t tli« flyrot «aB»iiktloiii{i«i S^ ana B «r« «Qfiflf|« 3Si« 
tii0 mti&lti&mi in C^«^3) <^ ® tati^lndt «tm« In nils CM^ M 
ftyni' 
47 
\k ^^ * ^ ^ ^V ^ t^ Vl s* l 
^V*lc*t^ | 4 i *i«Ai Vi«i M "^  ^ «>4 •••%5»5# T / 
mm a^ i s a wlatioii of %0 j^Uflsi la (9*54) ani 
i^«ll9lit tli« Oos^tlOBf {3«?«f) «li4r« I:» »<4. ana tlifti 
Wk m &}« 3li«r«f&r«|i If ttui solution of tlt« prot^es (3*1*1) 
tltr i^ijj^  (3»1«#) hm hmm mmmtmtm W ^ampim ttM ooiuHarmitits 
N N 4 ^ *xi« ^^^ "^ ^ «oliitioo of fai« proli!S;iii nMd not ^ 
48 
ft|f |«l|«««tfii ^® 1#^11M so as to «aM«il3r tlio iJSMiqiiiatlitito 
All C3a3> fiuaa (5,l*6)t 
tNi^tK 1^ &lxH$Mm ^ t fliMst t«rloo^£^ttio isoltitions 
irilli nlnls^as ^aolE« of lono $mqmlltiiB$^ 
oitoe«8«it«lr f#r Ic « lt«»»^* li»a«9ly iai« «|iil»iin glftolc« wUl 
%% siDPOft If tli« BilBlWM oUaek «»Xt2tloti i s not oMe|j»d for 
le « c « nqr tlion «e olmiiet tlio ooXntlon for le » ^ • ! IQT tho 
ooooiit ItKleoisraplilo Siliizt JU»& «iti^ adiiiiaim ^laok aaft t3itii 
loolc tm ft QiniBtsB ilftolc lotiitloii for Ic * % ^ proo«oo 
49 
fliA0« #t 111* ^ netditr* Is «icM I^#t0<l» M ttift ii«Kt tlm«« «• 
«^ieli ia also aieearded i f (5#$*9) te eati<CI«d im B^ aziA 
19 mnUm& te «»iit9Hrat# tSie mlixtloxui for %« IH^IOUD 
taidite«rA«ft «araiBfings i»f ^^*^« ^^  ^® ^^ <^ ^ ^baorwd Jm iraotiiB* 
tliftt It « t ^ f^aok 89liitioii fIrtil; •meimteirM in HM «1^"V9 
mt |v«ir«d «q^liejili|jrt i t ^uitt iiitiitiv» £s*i»m th* «i»|^ai« 
«&^ i» tli« previous iwetloii* 
S*S* Songyitsal a ^ f l ^ J CeiJ«i&r fSdwr rol l s ©f l«ii«t!ui 
46« 77« ?l aiiA 5t n/lti^ m^ to IMI iaie»d liit» the pite** of 
50 
tlii?«« itai^aard wimrn %%$ % oM 4 ii«dttt« lilt 3!<6«pt6tiir« 
(3«i«5) m& Oa»6) e>r« iHom In tiki fi»ll0«l»@ f i p r * ; 
Slxusa^d SjUi«ii X% 3 4 
»ip>i»i#iw<wi|iiiai>i»ijii>iiiiini[B(niuiiiiiiiwiii»ii»f*»*|'*|*3('*'|''"^^^ 
C^stii %g ^ Boll. |« i igl^ 
X.4 4S 
t»t 51 
i|l»ilBiii»|iiW»>>iM>ilii»»ii'ii»iiHiia»ii|litiiill(!i*»iw<l»l»iil>liiirillii»illuili>»i*^^^ 
<l»'liii#^|ll»il>i»lll»,|iiMliiil»i>l|ill>i<|t»rtiilMWi<»H|il|liir|li[l1l|ii|lii|Wliii^ 
til mdiVI \tr turn l4eiVi tli* fli|ft«)»i 1. AHA 5 jr^c^vetivitjr 
n 
51 
5 4 k9ek$3M^ mmtihrn 
omt« ISiit sr«iiat» In & i^:^ ala^lr ^InUoii of all. «}!• i^ nvt 
52 
^M 
Urn 2^  
R4 • 
3 
Z 
% 
T 
9 
3 
i 
5 
4 
X% 
4$ 
tf 
^ 
s$ 
0 
0 
0 
0 
<>lill<li>W«*ll«<*liMI|ii|ll^»ii)l»g«<lilMi^>»llliillllMlill«|lW 
iiKiwt'iMWi**IliumiwijimiiiMurn mmmmm!lmi>i«0m'iiiMitmm**'imi'«m'>V'iii*»»*''''fmi)>'»mimi iiiii|ii»»ii«i>»iit»iiiriiiiii>innwiiiwi»»i»iw>»Mt 
ISi« oli|eetiiPt v&tti* ge@& on acorttaolng ma wn m'w% mm^ tr^m 
tim ordtr B|^ « R^ * ^5» ^4 ^ ^ ftOd<trda»6« «rl.^ ^MI »««i:dLt 
I, ^ !l|^  Eg R^  R^  t.06l«2 
a * Rj^  Rg R4 Rj I0e^*2 
53 
Order ©f iu^*» 
# 
^ nH f 2 4 
* *• \ ^ % e^ 
5 *^  H«| R | 8w B.M 
it -t n n D n 
» • « | » 4 B j Kg 
I'HhhH 
# 
• 
3f * JS4» M-m **% B,A 
u\ n^n^n^f^ 
Tuk * M-m R J wU W((| ^ 
4 0 «• A>g H^ R« Ki| 
13 ««• Um S«| Rg Rj. 
%^ mi R« BL R A Rg 
# I K tt n fi Ik J»7 «• n | | KM I « | "RJ 
|,l» m R|| R^ R> E| 
I f <m Mm Rjt R% R^ 
A O «» R H R * RM R% 
i t • R^ Rj^  Rg R« 
# 
20 «i^  R^ R. R« Rg 
o t T^ n IS n If 
Ol^leetiw m i n t s fer lti« sero taaeic «o1 
tOlO.O 
HOffi.o 
10!^»4 
t058»4 
loTI*© 
iLwfSfwB 
lon.B 
*,w§»0 
1l^ 06$«8 
I0i§«8 
l.0f&»O 
1056*© 
lLOiO«$ 
io^«$ 
i034»4 
t032«4 
iO20«e 
i02d«8 
10263 
Ltt^iOi 
51 
Order ot Bj^ 's ODJcoti'ra 'mla«8 for tM mat eUiok aolutlons 
10 m MNii WWII |l» M<«* *» w WK ;^ iiii m mmun Miwiwxunii'**!*! iinwwimi'W 'tiinii iwnniw iwnwiii iim m m i>iiiiw iw •» nn mnn—iiiwwiiiiinii iw i«i *• — w 
22** R4 ^ 2 Rj B| i0t6,8 
25 • n^ R5 B|^  Ha 1028*0 
84** R4 Ej i^ Uj lose*® 
All tits eitea aipl»C5r©4 d3ffls3?s 3.a tHo l i s t ar© tisesritd by th* 
odd isi^ Bliearea ca-aearc ^ e t^ th& olseer^tioss in tbe end of 
eouditloBo ia C3»'i*5) e*® »l®o eatie^iea^ I t aay b© not ©a t te t 
entsr 6 otit olt th# atiow 14 av^m^B Bfied ta %& ^amaerAtta* 
Tim optloBl. i^Xtttion i& tM ump liLsek ablution obtaUutd 
tojf ttm order l^» R^ f t^, t^ a© jsftefiatea ia fl^ire 4, 
fBrntM, Of attfsim WB nous fim wiMMtav 
4»l» y|gr«olatjby *• Sow w© eoiisidw 1to« proUe© (5»l#l) 
to C?«l.«4) ^€itt d| ar« not si^mn esetdtliTf t»tit tberc i s a 
iBSOfH pro^bilit^ aistritrntion X^ jC^ i) f^ <^ oh of thte* ftio 
|xr&M^ tiraa out to t»e tha.% of linear ps^ graSEKSiiiR wltb mi-* 
emtniM AmoMBt l^ ov i t s eol&tioa vs& give to i t a tiro s t a ^ 
forfflnlatioaj&dazMd^ iL9^2l« 
n 
3I>« total Bt0p%y of tlie i^ieoee of eieo «j is £ Xj^ « I^M^ 
!«% an vunder os^ply of a pieoo $f 8is« ffj iaoiro a 
1008 of f | lle«g« i t io pwGh&mH^ tetm tho loeaX narleet 
and mipplitta to tSio oootowear on XossJ 
Defiao 
'"^  for d^  S «4 
£|(4|-«l> • « •C4.1U ) 
f | ( f t | «« | ) f«Jp «! > X | 
«b«ro d| io tlifi (nneortaiii) domud for t)io pitoo of aiso •« 
5G 
ISbm «xp«oted penal ^  eost trm l$te Mm^epemium in ttm 
pi»ti&» of eAm ^4 i s thftAf 
So turn tm E^m fcansulatioJi of tM pvobles with jurnvrtaiai) 
aomiid is ao follow I 
MlilltB&gO 
11 II II 
S «> £ a^ £ O4 O4 X44 «» £ Xi4(x4) 
Stt^ JtOt to 
aiUl Xjj fiOAwiui^ti'ffo inte^ro* 
••2. a^l^fi^, ^<>ofitof : il0S»»e tlat for oaoh J Him 
onlj poBsiblo talwis of d^  itre |iilogir«» lot tlieeo vstluBO 
^ o»lt»*«A|» Qio oiQtooteA pomll^ coot froet ttio onder 
3 I 
57 
IM% v» a«t«nBl»« X.|(xj> fer I • t» *««•»* Wi &lfiO find 
a«|<«|) - l»|(iKj*l) fo3P ^oli 3 liber© XM ranges fro» . 
Ql>9erim tbafi tbo SUIB of ttm inoreiBe&tal ^luas starting 
froii X| « 4| «^  t and ^ing cq^ to xl tqtiata ^|^^P* 
Bote ttmt ^(3Cj) i s aeoreaeifig and ooinreXf i t folXovs 
titot ttL« inoramenlal i^luts J^^ J^^ * j^C*^ '*'^ ^ ^® decreasing. 
m wm asesme tlmt £ I4 iu i@ greater titian the total 
a 3 * 
ipl * 
Her eac^ piece taken fren tbe elaek tliere i s a tenal^ 
aeeoolated « i ^ it« let tw elioose tbe pieeea l!ro» the 
eiaok BQCh tliat the pesattf ie ^inlaised. SliiB i s the 
ease thlna ae to ninisiae 
ill '!«'!> 
Stthjeot toi t 4^1 04 • e^ 
58 
i>f dlse «| tak«n from th» i^ aole* 
3li0 fact i ^ t z l^iym) i s convex afid deortasiag siar 
Jmtf C19T0) .t <^Wf solving tfet &p©bl«B ia (4.2.5). 
Xet m jpttt tilt probleim la %h^ t<sm 
tt il 
Sht t9tal ncttbor of ims^liHft ^ ie m X t (£4 -^l) • Kt 
any* «• srroii^ th« varlatrltt f^  aeeordlns to tfae dtfloeodliig^ 
f»ttt«» of 
-{vVl'j'-vVS'i^} 
ttio problMi C4«2*i) oaar now bt aolved by •mwerating 
5[j 
of ff is 
( ^1^*^*^^ *• |^^ % -(at!)) j 
late tbat 1ft th© #p t | a^ ioliitioii« tlie «isa of ttm o«sts 
«f ©i«e ©J w i l l e^Q^ *^« 'walii© of li|<1u* S:^  3f| )• 
0i««@ iNi F|y I « t*».»ifi4 kttm ^i&^ihvi^Um ^ ^ etaelc la 
t l i i» nor we oiilistrast f | frosi aj aai tbda mtV6 the follenrlfig 
B 
60 
pieeos and oan !>• edt*^S !»3r the tsethod glirea in olia.pt«- 9 
*»5. iaawyieal Btgn^ l^ f : Coasiier tlw prdfelwi with tht 
following data $ 
« • 9 
II • 4 
S • ( I I , tt 4| 2) 
a • (20, 90, 49) 
^m0 B afid a are v^ otioar^  {i*«« ^ *C^t &2* ^3^^* ^^ 
t&tT0epotAin$ 00 St ie glif@it la tli@ £iol.loifiiig tal33.o : 
l>ll«)Hllll«liUiWtWIIII*»»«ll**lll>"l»K' 
e»4 
«»«mw»irt>»— 
7t1 
7,0 
iMMMIMIMMM 
6»0 
§•5 
5*0 
iii»«*%[i«iiiiiiimi 
4.8 
WH«HH*l»ll»ll»ii| 
4*4 
4.0 
(H»»1iPl l l» 
WiMlllimaMIMMM 
3.6 
•MtMriMMIIIlMHl > 
3«9 
9.0 
DUt dottandc 4^ ^ ^« <^  &»& 4^ e3!-o swortain wilSi th«lr 
prot>a!>i1.it3r Alstrltotttlons &• 
61 
m h^m 
lOmmniin [niiiniiniiirwiiniiHwimiiiwiiliiiiiii iii<iiiraii»ii>iii»i«iM«w<>i.i'%ii»>(imia'««wiwiiiiiwi»#i(|)»#'iii<»*wiiit««iiiii>«i«lii«iiii nwminiBiWTiwuiiiiwuit 
1/3 f 2 V5 ^2 
•0 % o 
e 0 
1 
2 
» 
4 
5 
$ 
0 
I 
2 
5 
4 
5 
5/2% 
6/4% 
5 /4% 
V 4 % 
0 
• 
h 
3 /4% 
V 2 % 
1/4% 
o 
« 
8 
ii»»owiM»WnH»i »«jN»'»>a>.«iiw*i''"iiii<«»**i»»—miMiWur lii|»i»[iiii»iiiii|W<»il»«*«»«»»*WlMiwiiMi«»ii>ii<wil««win«>i • • " W O W 
S2 
.<li.imi»«>iin iiiim nil I ii'innm iiMniin " m i m "*iii|iiiinii«i!»mi!«i<i|i»i»i<iii«»«»i««<iiiii»iii)<iipMiii|»iiiii>iiiii»i—ii«»rM m n i i m m i i M H i i i m i M M U M I I I W I iirn ••—«»» 
1 
2 
5 
4 
5 
6 
t 
0 
t 
2 
5 
4 
f 
6 
19/4 f 3 
15/4 f j 
11/4 *3 
7/4 f 3 
3/4 % 
1/4 f 3 
0 
% 
'5 
h 
fm 
t/2tj 
V4% 
0 
8 
13/2 f^ 
11/2 £4 
f /2 *4 
T/2 f^ 
5/2 f 4 
3/2 f 4 
1/2 ^4 
& 
u 
u 
' • 
' • 
'4 
'4 
1/2 *4 
e 
a I 1-
th« p«Battgr fimotioiis ar« arrangod In aeecudliig ordir 
of iMgiiittidt f^ osi left to ri|$it« Tk9 alloo&tioa in tho 
following ^blo for aolvitag the probtos @r« dono bjr ueing 
tho r»106 for ordinary fnapaaok {rrohl«n diaoaoaed in Chapter 1, 
63 
11 
t i MWiMi ""mm' I * " " iiii 'w WMHiwfc 
Alloeatioa 
a 
11 
2 
nmnwwn «ifw«Mav*MiMi«M 
11 11 
a 
4 ' 
»«*«H«<tM «<l*»lll» lawv • • n i h l — i in i iM im > 
iiLi«i">Mpiii«i I l u l l I 
c 5 
wm> • * miiwimiMii i 
*3 5 
nOiiiimiiiO liiirliiiim^'iw mrwuno *»• t—wiMim, 
4^ 
S^  4 
iWiimiWi—Ml rumnaiiiiiii •nai**iaw«M«>«H 
mioQatiott t 
WiiMHi«w«>Hili<l<»ii>i«| nwiiWiiiliiOwniwioio— iiilw iMniii»ii*i«<rrrlmii«»i''Wiili'*«»inii»»ii»»w <IIHIII<<l»Willl>» — l l J w 
Hi© solution i s F | • y | « 3r| •» t* 
Itofr the^  solution to the foi l probtsv o&n bo obtainsd 
as isihoim in the following tat>l« : 
S aok 
e.4 1 
7*t 
7.0 
I i l i i l lnw 
r-
i »<ll>IH»<IIM|M«IMMW«ai >—WIMwyni i up — Wl 
< I | < » H MI>»,M||»l|>|<lt»<)||||«|llpi«itj,«lll|ij<»l»>||,«|ll<||MWMM|»«l 
6.0 
5,5l 
m — "'"y <"~'r>r»« III iiM m 11 uni t • • • • mumUMii m • « • 
5»0 
4.8 
4.4 
4*0 
2 
t w — — i — il , i i . l . i .W. . l^* i i i» , i .« . i1 — , • • — . - , . . . • 1 . 
3.6 
• & O H l f f l i "N«l WjlH—mi 
11 
3.5 
3.0 
mJf^mmJfmJi 
nowmii i i mrwi«»> i • 
15 
10 
20 
50 
43 
inwBwmt poHCf FOB fm Siifzims 
ni^caiilse t!i© mt^tm Gorixk&s e (^aa©e for tlie welfare of Ito 
isemt)«r@» %« eoel^t^ deposits the f lae«d smoimte montiay 
vtiioli GJCG deaoeted dUfSGfly fro» tbi» ^lari@a of ito menbers. 
4 iB»i9l>0ir liB allowod to wltbdraw Me totat djeposits at me^ 
instant of ttmi« la ^tam of an steoident an @ittraoti-«<e anoimt 
Ci&depoiideiit of hi@ dipoaite) ia ir«fimdea« Ihe mei»isy ftmetioits 
^ invterting Ito sioatl^ aaiJ^ ifige In <fe«i« hmimee* Slio problera 
i« to 60ter]8ii30 th^ijunxisim maodft^  wH^ nay l>e iinrooted sixtsh 
that tlie iimma&» (la the fcm of e%iM«ii witfedravale OT payments 
on aoeidGftto) are alueijrs eiot* Slid |crol)'lett le foraulated in a 
two stage etoohastio ppogramiiig for»at i^dan^ (1962) • fho 
ob|eotiir« ftjAKitioii i s aeen to Iw ^oneairo and that the eolution 
oan t}e ol^tained 1^ oQoating the differential eoeffieient to 
tero* ishen tt® distribation of the totals of deposits ainai 
witharawale appYoxiaetee a nonttai dietributioni i t ie seen 
65 
ttiat th% aaxiffitm retom l& ol»taitted by investitig tte» 
Aimragfi e t depos i t s minus withdrawals. 
5«2* Statcpsat <^ f, Prdtolea, I«t § repsemnt tlie anoant 
of deposits lalmis witbftranals p«r unit of t ins, !Sh« mamgcmeat 
wimts to itnrest ^« naxiiaiiR possible of this anotmt in m 
tmoiiss&s« 
Mt 0 | denste tlis profit pm ti»it of issrostoeot |(ir 
unit of tin^, Xf tlio vi13i€^oiials ot eoise point of tiM ozesed 
the eiaotmt loft vitli tl^ sooiol^ after Inim&tcent then a per 
emit tittmt&m cost of t^f per tmit of time is needed* M 
prootiee «e Mm Og > %« SIbo ease 0 | < o^ i s not of i»terest, 
tmt m denote 197 ^ tlio o&ooot imrestod oirer a otdt 
of tiiBOt etiicli f ields a profit of ^\* ^^ ^^ ^^ e»oiaxt 
prooured doe to ibcrtage 00 a rate of o^ per unit of t i se , 
Oltflorly i f ^ > Z]^ * then x^ *• o 
a«d i f P S \ » ^^ ^^ ^ «2 * *l • *^ 
Let Its denote %gr ^ • 6|^ X|^  ^  ^2^* 
ftmn 
Wm ^ m 
*a 
66 
Oir ^%m i s to imx.l'^m miHk r^i^ei; to % the f^ jsotioA 
0 Kg 
2^t tlie density' of 0 1>« f(p)» ftita 
. ygtP^flMog •• ^^C^ ) is a comai^ fimotion of au « 
% prove thjUit coii©ia«P ij^ » 3«j • Cl-X>m^  
^WP9 o < X ^ l and thtto x- ^ i^ < x^ for x- ^ x ,^ 
A 
XL 
• ej|^ I^Cl*X>X4J*e2{ |^^ X<X5<.e)4.(l«x)(x^-0)jf(p)af 
• ©3^  X«5+(l-.X)X|, 'HJ2/A(x5*p)*(l-X)(x^-p)jf<0)dp 
67 
A 
Sew l o t 
1^ .i •a^ ©2 / c^j-p) tip) m 
H 
ana l^ • ^^"^^ **a '''^  ^*4*^^ *^^^ *^ 
Ttms from (5*2.2) wt «»t 
68 
p ie n^aat wltH mtait fl and mtriaiiQe (r^» then th» «xpr«ssloii 
i a <5*2«l) eaa 1>e etoplified &e follows 
Jiitcr X 
fa g«t 
1 «i - 1 ^ 
x.«*# 
l l l f f f O 3Ci « MW •ill in 
T" 
• * " / I 
J a n 3S|^  
r«2 •S*!^ ^ J i 69 
Since -s^A / f 'f tz • / • 2 32« «t«i 1 
ana / E • dZ« - 0 
Sim* "^(asi) i0 eoffioair* in ]i|t ^ # naxliaiaB i s attalaiNI 
^eii *i-*..^ m n^ 1fei» gives (^ y mtins that / -««*• • d2 
az 
2K ««» 
3l ** % -KI^ 
e_«^« f ( x | ) * ^««>*l *?2»^ ^ 4 * 
J2m ax 
-14/2 
• i 
or OCxi> p i • y(x|) 4 C^l)i:j[ f(x{) - • ,. .C5.5.2> 
70 
ttom at K| • M f aj "* Of (i{±i\ * f * 
for % • jEi, &II8 i f tb« ^tfttas$ eost i s two tlmss tlic ^ i a 
firim iixfvetaeiatf tli« msximm retora i s obtained by inrtstiag 
aa asotiBt of M» ^ e n _ ^ ig Jargo the goXutioa of (5.5.2), 
ovea for otli«r imltsos of ^ < l,i© obtaiaoA ia the viciaitsr 
Of x | • o a@ i t oeea ia ^ e followiag m&m^Xe^ Xa th« XIaitiag 
% ease «»» «* 1 the eotntloa i s obtaiaei for sel « «• i . e . nbateirar 
i s ai^ilabl.e« tao^  be ia^ested. 
5**» ^^go?fi^ s&l,)^ taaflf t Below ore tb© dats of ffioatbly 
totals (Cei^ o©ito»isithdra«&le) with tbe i»>oie<r o'ver oat ymr 
8«.iaiooe«a ; C*i5oVCwioo) (*iooM*5o) C*5o)-(oo) oo-50 
ftpoqoeaey : i 5 29 115 
He.ialOOO»e: 50-100 lOO-lSO 150-200 200-250 
frenaenasr : HO 26 6 I 
Sho ttoea of tbis data i« 49«25 aad staaAarfl devlatioa 
i s 48«28. tbe mXu9 of '^^ ooapoted froa tho above obeervefi 
diotribatioa aoA the oorvoepon^iag theoretical freqietices 
71 
«f a ooraftl dintriboUoa i s X2i»254i vhioh Is imiigiilfie&nt 
at 1 ^ leir»l» Hiue tht ^ t a Ap$froximat« th« noraiAl dlstribtttlon 
witik o«aii 49«2S ana ii^ a»&s3*d -J«fl&tioji 48*^, 
Hon let tts aefitaa* that % * ^ ^^ t^  e^ « 5 ttnite, !&• 
SdlutloA of dqo&tioii ($#9*2) for thoee mltzee of Oj^  and o^ 
ehtt!k$n*& ^ trial a»i mtmf ie at i^ « 49»05« It ia iAt«rd0tiiig 
to aoto tliat if wt take ^ * ^ ^ ^ ^g * *^ ^^ ootutlofi i s 
attainsA at iL « 4@«50 ivtiicli i s also Hiirly oloss to tha 
©tan ir&ta© altlwmgi 1^ ® ©feogftass oost la i?slatiwly f^wry hi#i. 
5.5* s^ .lLytioii, for., otfafp Jiftr.ibtttloae j Ctoasiflsr a 
GaiBim deaoit^' fonotion 
aP ••ox |HI 
f ( x ) • - * « • « • X 0 < X < « * > ttfP > O, 
fhaa 
* 1 «J» ""flip p*** 
o^ x^ -^ gX]^  0(«fPiXj^ H02 - 0(«,p*l,X|^> . , ,(5.5.1) 
72 
vHert 0 ressefiesA %b& <Simm, aietri tmtion fiia0tlo&» 
^ e point x^ n^leli u^ aeiadsi*© C5*S#i.) eau 1st ©IjtslaBa 
hf using ^ e tattl« of iTkOon l^ete Oazsim ttxmtiotm fearmn 
n Ef nn t^i_c_B j 
Mms^^ ie#ip?aR&^ IT tlit filter w^^sm^t, %^eBi» 
'^^ M «ffl«»ieEt IwairljiMo i^o«eiir# li»» tlw eas>ii|ii«at«A 
(ii ) 
Seal, S, % lsAm3y % 
^ On ttiuiMi^isg a Qi^mm fmntUitk initijeot to Xim&x 
Bial., E* 1* I*. Ct958> 5 
Wtfum&ing of this? A If If ©oisspess^a, 450*4§l. 
Bertijsr, !?• an& B» Boy (t964> * 
CtoarnwB, &,, u,w,(J«»^ p9r (1959) t 
*^ <aiftiie« QOJi^fLinitd pTfiSFa^mingS Ws^m^fsmmit Sei«i}o«*^ 
«l>l««ll«l»n»«iWt»wi WMti ««•«••» »»«!»UK OTMirm — m i l f « l » > \ X 9 0 9 ) * 
^^OetttHBliilstio %Qival«xitiQ for optHaislog anA imtlGfying 
( ill) 
Ba&ta, K (1965) *. 
•* A tJfee eoateh alsa^ittaa tor faix^a lategir prograiOTijig 
lantalg* 0,B. (19555 : 
197-206* 
3Ba»t«ig» a*B» ana feaam^^ A.C1961) ; 
•• On tto# eoXtt1^ ©» ©f t w 0ta®» linear ptt^fTosming tmfier 
imc«r%iiii%« ^ HaMt Qwp C^«&»19«0)tProc, ©f tiMi 41^ 
flacKS^ ana lid Cwiaio {196S) • 
Bbft^liaaag pr^grawltigt iftqattttlal aiMioiistraltted Mnl* 
isd«alJloii tieolmiq[utt8^(j.Wll^, Uw tcfl^ lc)* 
<&ie0# S, I , (1958) : 
lAntar grggramaing (go flspaw^HlU Book GOE|>any,H.T,) 
Ollwore, P. aziid B, Ctoaory (1961) t 
» & lim&x pm^Bmaim apBroaoli to the oottlag litook 
prot»le»,| •* , 0, R. 9(6), 849-€58» 
( i v ) 
lUiMK!^  pregcfwitiig (Jr« 4l»a4l« #ft»l ^xrtli Bn^i ]^i»« ^ « 
jT, s»o* iiii« App« mJiSi^ a» 705»1I2« 
K<»lEft»« A«R* and Xttaa* S*ll* (1S$7> % 
Kttittii* H.?* rr^^f. « r a i » (1966) : 
C V ) 
I4ttl«» ^»D»0,* »ixrtf« S«0«| ai^«D9y«t <^9(& K@r«l,«6«(l9l^9): 
'^m iil093*i< s^ii f«ar $t3& iie&mtixm ml^tmm pe«>\ilm^ 
mt t« i t £• mm % 
'iimnfilt ami S1I121I& m^tti^a* tl^ttn^^ i^nEoilAtloii And 
\0L « ^7# 
fhtdl md tto ie Bating (1961) $ 
'^ Qtiadr@t|jO pr«^ai«£ii3 ma aa atteimioii o^ e^imnitlDfiiil 
«Ra^» Q« R» (1971) I 
and vHMEton* X.(»i4(iii). 
''Steohafitio pmp^vm with T^tmeetBl Sim ii^%,W^Vh» 
mtknp9 I># W. mS, E« initt Cl9tO) : 
l^i&^toa ^pi^ « lfetti« frdSr. CS,t«Salmtdd*)« srinoet^a 
mnmiXU % t* (1967) t 
'' mti*'lim& pre f^araotag iortrmmXtj Faaetion j i!ftmg«m«iit 
ZQntmamTt^ 941960) : 
Hl%.8#t,tl.,lt*1^fl^lSi, ^ t ^ M i a i iM^mnm, .liwt«r«aa). 
